Recently we proposed to describe the fascinating physics of copper carbodiimide, CuNCN, with help of the anisotropic trangular antiferromagnetic Heisenberg model with the parameters J a and J ab extending along the a, and a ± b lattice directions and a new frustrated Heisenberg antiferromagnetic model with exchange parameters J c , J a , and J ac , extending along the c, a, and a ± c (c-a-ca model) directions assuming the resonating valence bond (RVB) type of the corresponding phases. Here we discuss possible RVB ground states of these models in the mean-field approximation and show that in either case it is a two-dimensional RVB state. The difference between the models is that in the ground state of the triangular model the quasiparticle spectrum features a finite (although exponentially small) energy gap for arbitrary weak J ab whereas that of the c-a-ca model shows two pseudogaps and a linear dependence of the quasiparticle density of states in the low-energy range.
Introduction
Among the materials of the MNCN series (M = Mn, Fe, Co, Ni, Cu), CuNCN is the most bizarre [1] . In contrast to other members of the family exhibiting more or less standard antiferromagnetic behavior, CuNCN is a temperatureindependent (Pauli) paramagnet at room temperature and, at lower temperatures, switches to a gapped (Arrhenius) temperature dependence. Since it is not metallic in the temperature range where the Pauli paramagnetism occurs, no metal-insulator transition can be made responsible for the quasi-Arrhenius behavior either. It also does not manifest any magnetic neutron scattering [2] so there is no long-range magnetically ordered state to which one could ascribe the susceptibility decay. These findings brought us to the idea that in CuNCN the antiferromagnetically interacting Cu 2+ local spins 1/2 which are unequivocally observed in the Pauli paramagnetic phase with use of EPR may form resonating valence bond (RVB) phases [3, 4] . This incidentally makes CuNCN an RVB material at highest temperature observed so far. The RVB hypothesis allowed us to explain the magnetic and polarized neutron experiments. Assuming that the involved exchange parameters may also depend on the crystal geometry through respective magnetostriction terms allowed us to relate the observed anomalies in the temperature course of the a and c lattice parameters with transitions taking place between various RVB phases [5, 6] . The above success was due to the approach we followed in Refs. [3] [4] [5] [6] 
where we went to the fermion (spinon) representation of the spins 1 = , 2 i i i c c + α αβ β S σ (2) following the method [7] (here ( ) i i c c + σ σ are the fermion creation (annihilation) operators; αβ σ are the elements of the Pauli matrices and the summation over repeating indices is assumed). We remark here that going to the spinon representation does not mean any arbitrary change of the statistics of the involved particles, since the spins in Eq. (1) themselves are the effective electron spins. They emerge from a kind of projection procedure applied to electrons described by, e.g., a Hubbard-like Hamiltonian. The standard technique described in Sec. 2 yielding then the quasiparticle spectra of the specific models characterized by the sets of values of the translation vector τ and the exchange parameters J τ .
Formation of the RVB phases in the antiferromagnetically coupled systems is favored by frustrations which do not allow the spins to arrange in a unique long-range ordered structure [8, 9] . In Fig. 1 we show the interactions which probably present in the CuNCN crystal as derived from structure considerations and Goodenough-Kanamori rules [10] . The magnetic behavior (the switch between the Pauli and Arrhenius regimes of the temperature course of the susceptibility) of CuNCN is explained by a transition between a one-dimensional (1D) and two-dimensional (2D) RVB phases occurring at a finite temperature and accompanied by opening a (pseudo)gap in the quasiparticle spectrum.
Two models describing interactions depicted in Fig. 1 and showing the required gap opening have been proposed. Originally in Refs. 3, 4 we suggested that the physics of CuNCN can be successfully mapped on two-dimensional anisotropic triangular lattice (ATL) model as applied to the ab crystallographic planes and involving the a J and ab J interactions. It allowed us to explain the Pauli and Arrhenius regions in the temperature course of the susceptibility and anomalies in the temperature dependence of the a lattice parameter. However, the hypothesis of the triangular lattice was not easy to reconcile with the intuitive picture [10] of the most important couplings which are expected to extend in the ac crystallographic plane. Also the anomalies observed in the temperature course of the c lattice parameter point to somewhat different model. That latter employing the , c a J J , and ac J interactions (c-a-ca model) has been proposed in Refs. 11, 12 and successfully reproduces even very tiny details and mutual correlations of the temperature course of the magnetic susceptibility and of the lattice parameters a and c.
Both the ATL and the c-a-ca models have been treated so far in the high-temperature approximation. This latter allowed us to explain the temperature dependence of the observed quantities through that of the RVB order parameters (OPs -see below). However, it remains questionable within what temperature range these predictions remain valid. At least one can be sure that the exact expressions describing the temperature course of the OPs as derived from the high-temperature expansion are wrong in the limit 0 T → . That is why in Refs. 11, 12 we used interpolation formulae to describe the temperature dependence of the OPs.
In the present paper in order to establish the limiting values of the OPs at the zero temperature we consider the opposite limit of two previously used models. The paper is organized as follows. In Sec. 2 we give a sketch of a route to the mean-field RVB equations and to the corresponding quasiparticle spectra and free energy expressions. Next in Sec. 3 we specify these for the two specific models (ATL and c-a-ca ones) and derive and solve the self-consistency equations for the OPs relevant for the respective models at = 0 T , i.e., for their RVB ground states. Further in Sec. 4 these solutions are used to estimate the energies of the respective states and by this we derive the RVB ground state. Finally we briefly discuss the relation between the obtained zero temperature/ground state quantities and the results derived in the high-temperature approximation and give the conclusions.
Equations of motion and self-consistency equations
Equations of motion are based on the Heisenberg representation in which each operator obeys: = ξ + η , BZ stands for the integration over the Brillouin zone, and BZ stands for their areas specific for each model. The auxiliary bosons assuring the approximate projection to the single occupancy subspace in case of the unity filling (zero hole concentration) are decoupled from other averages (ξ τ , η τ , and/or τ ζ ) entering the free energy expression (8) [7] and thus can be omitted.
It easy to check that for 0 θ → the "kinetic" energy contribution transforms into the integral over the BZ from the quasiparticle spectrum itself:
where ( ) g ε stands for the quasiparticle density of states (qDoS). It is obviously uniform of the first power with respect to τ ζ 's in either case. The "kinetic" energy contribution (9) complemented by the "potential" energy contribution quadratic with respect to the OPs (the first term in Eq. (8) which thus yields the ground-state energy as a function of effective OPs). The allowed states of the system are the minima of the ground-state energy with respect to OPs. These are an equivalent alternative to solving the self-consistency conditions (5) which better suits our purpose.
Quasiparticle dispersion laws of the specific frustrated models
As we mentioned in the Introduction two frustrated antiferromagnetic Heisenberg models have been considered in relation to CuNCN. Hereinafter we shall consider these models in sequel.
ATL model
This model is apparently the simplest one where frustration can be observed and thus it has been a subject of numerous studies by a variety of methods. They all quite consistently indicate towards existence of spin-liquid (RVB) states in certain regions of the parameter space. It is obvious that at very small values of the frustrating interaction a J the system occurs in an antiferromagnetic ground state of a square lattice with the single parameter ab J . Numerical study of the opposite limit ( < ab a J J ) which is more relevant for the CuNCN physics in the mean-field RVB approximation showed [13] that the 1D-and 2D-RVB phases are possible. Formally the ATL model is characterized by the translation vectors ±τ with τ taking three values in the ab crystallographic plane ; = 1-3; i i τ 
where we set x for x k and y for y k for brevity. In the 1D-RVB state the quasiparticle's dispersion vanishes in the y direction:
The spectrum is gapless along the nodal lines /2 x = ±π k and manifests ridges extended in the y direction at = 0, Fig. 2 . It diverges on the upper bound of the spectrum. The low-energy/low-temperature behavior of the system in the 1D-RVB state is controlled by a constant qDoS at the zero energy, which perfectly maps to the temperature-independent paramagnetic susceptibility in the corresponding phase.
As one can easily see the most characteristic difference between the 1D-and 2D-RVB states of the ATL model is the gap in the quasiparticle spectrum consequently reflected in the form of the qDoS schematically shown in the same figure. Although the quasiparticles acquire a dispersion in the y direction and both the nodal lines = /2 x ±π k and the ridges = 0, x ±π k acquire a goffer (see Fig. 2 ) one can see from the figure and Table 1 that in either case the amount of dispersion in the y direction is of the higher order of magnitude as compared to other characteristic energies. Table 1 . Critical points of the quasiparticle spectrum in the gapped spin-liquid 2D-RVB state of ATL model. ( , )
x y k k stands for the coordinates of the critical point in the Brillouin zone, n is the degeneracy -total number of points of the given type; other entries are self-explanatory Specifically in the low-energy range the splitting between the saddle points of the quasiparticle spectrum are of the fourth order with respect to presumably small OP ab ζ whereas the energy gap itself is of the second order. This brings us to the idea that neglecting the y dispersion when calculating the integral characteristics of the system does not affect the precision catastrophically. This may be considered as a quasi-one-dimensional approximation for the spectrum, which then takes the form 2 
Inserting this in the standard definition of the qDoS we obtain
for the quasiparticles in a band ranging from 3 ab ab J ζ to 2 2  2 2 3 a a ab ab J J ζ + ζ with its lower boundary being as explained above only slightly higher than the lower boundary of the exact spectrum and with the upper boundary being located between the exact upper boundary and its logarithmic peak. Of course, the precise form of the van Hove singularities is not reproduced: instead of logarithmic divergency we have the power-like one, but as we hope (see above) it does not fatally affect the integral values.
With use of the qDoS (13) 
Here ( ) k E is the complete elliptic integral of the 2nd kind of the modulus k given by This result is not unexpected since it has a form characteristic for one-dimensional systems [15] . 
( K is the complete elliptic integral of the first kind,
is the auxillary elliptic integral defined in [14] ), which are remarkably similar to the self-consistency conditions in the one-dimensional Hubbard problem as written in Ref. 17 , the first being one for the bond order and the second being analogous to that for the gap or magnetization with ab J taking part of the interaction parameter of the Hubbard model and 3 a a J ζ being the effective one-dimensional bandwidth. In the 1D-RVB state the first of the conditions (15) yields the amplitude of the OP a ζ reached at the zero temperature:
which is in perfect agreement with the numerical result of [16] (and equals to the bond order on the one-dimensional chain without interaction). Inserting this in the second of the two conditions (15) , neglecting the terms with containing ab ζ as compared to those with a ζ in the sums, and using the logarithmic asymptotic of K we arrive to the estimate for ab ζ and for the gap in the 2D-RVB state:
at zero temperature. The latter result is in a fair agreement with the numerical study [18] where the pre-exponential factor in the gap was estimated to be 3.50 as compared to our 12/π ≈ 3.82. Although the factor in the exponent was estimated to be 1.61 in [18] against our estimate of two, the general form of the dependence of the characteristics of the model on its parameters is reproduced. One can, however, expect that neglecting the dispersion in the y direction may well affect precisely the numerical coefficients of that kind. These results show that at the zero temperature some nonvanishing value of the ab ζ OP and the energy gap appear at arbitrary weak interaction ab J so that no critical point with respect to the anisotropy / ab a J J should be expected in variance with the numerical result obtained on a finite although large chunk of the lattice [16, 18] . One has to give preference to the above approximate analytic result over a numerical one in this case since one can imagine that detecting an exponentially small gap or OP in a numerical experiment may be problematic.
A further move consists in using the above expression for ab ζ for further iteration. Retaining the terms proportional to 
which represents the estimate of the "bond order" variation in the 2D-RVB state as compared to the 1D-RVB state. This finding is in a fair and remarkable agreement with the numerical result of [18] where it was shown that in the region where the 2D-RVB state develops ( 0 ab ζ ≠ ) the a ζ OP manifests a very weak depletion as compared to its 1D-RVB ( = 0 ab ζ ) value.
Mean-field RVB ground states of lattice models of CuNCN

c-a-ca model
As we mentioned in the Introduction the ATL model is not fully consistent when it comes to interpretation of the low-temperature anomalies in the temperature course of the c lattice constant [6, 11, 12] [7, 13] . Ground states of a similar, but spatially isotropic 1 2 3 J J J model have been treated recently by various methods, and it has been shown that spin-liquid states are very probable [20] .
Dispersion law and ground-state energy.
Applying the moves described in Sec. 2 one can select the relative phases τ ϕ in Eq. (6) for the complex OPs so that the Eq. (7) are satisfied and to arrive to the spectrum of quasiparticles acquires the form [ Obviously the c-a-ca model is much richer than the ATL one. Its versatile quasiparticle spectrum (18) is represented in Fig. 3 originally published in Ref. 12 . It shows three principal regimes (each eventually realizable by various combinations of the effective OPs): (i) one with two pairs of lines of nodes (gapless 2D-RVB), (ii) one with a pair of lines of nodes (termed as 1D-and Q1D-RVB states), (iii) and one with two pseudogaps and four nodal points (pseudogapped 2D-RVB).
If either of the OPs a ζ or c ζ is the only nonvanishing OP, the dispersion law acquires corresponding lines of nodes = /2 z ±π (or = /2 x ±π ) where the quasiparticles have zero energy. These states can be unequivocally characterized as 1D-RVB ones since the dispersion of quasiparticles occurs in only one crystallographic direction (a or c). The qDoS in the 1D-RVB states of the c-a-ca model follows the pattern known from the ATL model. It is constant at zero energy, but shows a power-like divergency at the ceiling of the quasiparticle band due to the dispersionless ridge in the dispersion law [3] , like in the ATL model [18] .
If both OPs , a c ζ vanish and the OP ac ζ does not, two pairs of nodal lines exist along which the quasiparticles have zero energy. In this state the qDoS diverges logarithmically at zero energy. Since the quasiparticles have dispersion in both directions in the Brillouin zone this state has to be characterized as a (gapless) 2D-RVB state.
If either of the nonvanishing OPs , a c ζ is complemented by the nonvanishing OP ac ζ , quasi-1D-RVB (Q1D-RVB) states appear (not to be mixed with the above quasi-one-dimensional approximation (12)-(15) as applied to treat true 2D-RVB states of the ATL model). The difference with the true 1D-RVB states is that in the Q1D-RVB states one finds a nonvanishing dispersion along the node lines, so that their dispersion law have local maxima and saddle points instead of the ridge characteristic for the true 1D-RVB state. Thus, the qDoS develops a finite hop at the ceiling of the quasiparticle band and a logarithmic singularity at a pseudogap which is a saddle point of the quasiparticle dispersion law. Since at the zero energy the quasiparticle spectrum is formed by acoustic spinons propagating in one direction and only rudimentary dispersed in another one considering these states as quasi-one-dimensional is well based.
By contrast, if the nonvanishing OP's are c ζ and a ζ , then (irrespective of the OP ac ζ ) there are no lines of nodes, but four nodal points ( = ( /2, /2) ±π ±π k ) where the quasiparticle energies vanish. The two possible states of this type are thus pseudogapped 2D-RVB states. The qDoS in 2D-RVB states vanishes at the zero energy, being proportional to the energy well below the smaller pseudogap. Otherwise the quasiparticle dispersion law has saddle points at the two pseudogap energies and, thus, the qDoS of 2D-RVB state develops two logarithmic singularities. In the NersesyanTsvelik model ( = a c J J ) two logarithmic peaks coalesce and only one pseudogap manifests. If all three OPs are nonvanishing this does not significantly affect the character of the quasiparticle spectrum. It as in the previous pseudogapped 2D-RVB state this one contains four nodal points and the only difference is somewhat larger width of the quasiparticle band. Characteristic feature of the pseudogapped state -the linear course of the qDoS at low energy survives, however, the split of the OP ac ζ from zero. The specific OP values for the ground states of the c-a-ca model derive from its ground-state energy which can be written immediately [7] ∫ k k (19) Possible solutions of the minima conditions of (19) with respect to possible combinations of OPs are considered hereinafter.
Self-consistency equations for the OPs and their solutions.
Like in the ATL model both the "kinetic" and "potential" energy terms in Eq. (19) are function where the OPs enter as quadratic expressions. Thus taking derivatives with respect to the OPs always results in self-consistency equations allowing for solutions where all or at least some of the OPs vanish. Clearly, having one or more of the OPs vanishing significantly simplifies the situation and makes analytical solution possible at least in certain cases. In the present section we shall consider possible solutions in a sequel.
Pseudogapless 2D-RVB state. This state is characterized by the single nonvanishing OP 0 ac ζ ≠ . The quasiparticle spectrum (18) simplifies considerably: = 6 cos cos , (20) and the integration over the BZ can be performed. Combining its result with the potential energy we obtain 2 
which is the result fairly well known in the mean-field theory of one-dimensional systems [15] and in various contexts appeared in our work [5, 17] . It coincides with that for the one-dimensional Hubbard model for electrons with onsite repulsion [17] . The parameters of the respective models enter the answer Eq. (23) unsymmetrically: one of the parameters is responsible for the width of the quasiparticle band whereas another one for possible gap-like features in the quasiparticle spectrum. In the Hubbard model these were, respectively, intersite electron hopping parameter and the on-site electron-electron repulsion parameter. In its turn in our quasi-one-dimensional approximation for the ATL model [5] (see above) the bandwidth-like parameter a J was the exchange parameter along the chains whereas the oblique exchange parameter ab J took the part of the effective interaction. In the present model the band-width (effective hopping) parameter is that of the exchange along the structural diagonal ( ac J ) whereas the exchange along the unit cell edges ( a J or alternatively c J ) takes part of the effective interaction.
Further moves are obvious. 
The equation is fairly analogous to equations for the "bond orders" of Refs. 5, 17 and the ATL model. 
The last relation implies that not only an upper boundary in , ,
where a Meijer G-function enters into play. The result looks out unsymmetrically, however, one can prove applying formulae PBM III.8.2.2.14-15* that 1 3 3  1 3 3  2  2  2,2  2,2  2 2 2  2 2 2  3,3  3,3  2  2 , , , , | = | 0,1, 0 0,1, 0
which shows as expected that the order of integration is indeed insignificant. Taking derivatives of the first representation of the kinetic energy with respect to A and of the second one with respect to C , employing the chain rule, and combining them with the respective derivatives of the potential energy we arrive to the self-consistency equations for the OPs: 
The latter shows that the correction to the OP c ζ is exponentially small as one could expect.
Unfortunately, analogous moves did not bring success when it goes about more general expressions involving three nonvanishing OPs. For that reason we address this 2D-RVB state separately by other method (see below).
Ground state of the c-a-ca-RVB model
In the previous section we obtained estimates of the self-consistent values of OPs for all nontrivial phases of the c-a-ca model except one in relevant orders. This is, however, only a prerequisite for constructing the groundstate parameter phase diagram since at this point it is not known yet which of the self-consistent solutions corresponds to the lowest energy. In order to calculate the equilibrium energies of various RVB states we remind that by definition the "kinetic" energy at the zero temperature is a * Hereinafter PBM r.a.a.a.a stands for the formula a.a.a.a of volume r of Ref. 21 .
which shows the quadratic gain due to transition from the 1D-RVB state to the corresponding Q1D-RVB state. This gain is obviously due to the position of the logarithmic van Hove singularity towards lower energy as compared to the position of the power divergency of the qDoS in the strictly 1D-RVB state. Formally, the sign of the quadratic contribution changes at 2 = a ac J J . It is not clear, however, for the moment whether the underlying expansions used so far remain valid in this parameter region.
So far we could establish that the (pseudo)gapless 1D-and 2D-RVB states are always unstable towards transitions leading either to Q1D-or pseudogapped 2D-RVB states. One can also suspect that the Q1D-RVB states are unstable with respect to opening of the pseudogap and going to the 2D-RVB state with three nonvanishing OPs. From the analysis of the high-temperature expansion it seems [11, 12] , however, that the 2D-RVB state with only two nonvanishing OPs squeezes out all other states and is the ground
